The ow of an incompressible viscous uid between parallel plates becomes unstable when the plates are tumbled. As the tumbling rate increases, the ow restabilizes. This phenomenon is elucidated by pathfollowing techniques. The solution of the Navier-Stokes equations is approximated by spectral techniques. The linear stability of these solutions is studied.
Introduction
Recently, studies of plane Couette ow in the presence of a Coriolis force have led to the discovery of new solutions of the Navier{Stokes equations (see Nagata, 1990 ] Conley, 1994 ] Conley & Keller, 1995 ). One observation of these studies has been that, as the Coriolis force is increased, the parallel shear ow bifurcates to a new solution that reconnects to the parallel ow at larger Coriolis force. This paper is a description of similar phenomena in Poiseuille ow.
Poiseuille ow is the inviscid, incompressible ow between in nite, parallel, stationary plates (see Fig. 1 ). The addition of a Coriolis force causes plane Poiseuille ow to become unstable. The solutions that bifurcate from plane Poiseuille ow are stable and, at larger Coriolis force, reconnect to plane Poiseuille ow. Thus the Coriolis force destabilizes the ow and restabilizes it.
Poiseuille ow with a Coriolis force can be seen as the thin{gap limit of the Taylor{Dean problem. The Taylor{Dean problem consists of a uid between concentric and rotating cylinders with an azimuthal pressure gradient. The thin{gap limit makes the gap between the cylinders in nitesimal compared to the radius of curvature of the inner cylinder. In this limit, the cylinders become plates and the ow between the plates is subject to an additional Coriolis force.
De neŨ Here c y and c z are the wave speeds in the y and z directions, respectively; F y is the force on the uid in the y direction; and is the tumbling rate of the plates. The solutions of these equations are required to satisfy no-slip boundary conditions at the plates (x = 1=2) and periodic boundary conditions in the y and z directions:Ũ
( 1 2 ; y; z) = 0; (1.3) U(x; y + y ; z) =Ũ(x; y; z);
(1.4) P(x; y + y ; z) = P(x; y; z);
(1.5) U(x; y; z + z ) =Ũ(x; y; z);
(1.6) P(x; y; z + z ) = P(x; y; z):
(1.7)
To graph the ows, we introduce the wall-shear force, (1:9) satis es these equations for all . This paper describes solutions that bifurcate from plane Poiseuille ow as is varied. Plane Poiseuille ow refers to the solution (1.9) above; Poiseuille ow refers to any solution of Eqs. (1.1){(1.7).
Section 2 describes the approximation. Section 3 describes the path-following methods and Section 4 the eigenvalue paths. Section 5 contains the results of this formulation, and Section 6 discusses the results.
Approximation of Velocity and Pressure Fields
The solutions are expanded in terms of C l;m;n (x; y; z) = T l (2x) cos(m y y + n z z); S l;m;n (x; y; z) = T l (2x) sin(m y y + n z z); A l;m;n = (C l;m;n + iS l;m;n ) = T l (2x)e i(m y y+n zz) :
Here, y = As a result, the approximatedŨ and P are determined by a total of 4(L + 1)(2M +1)(2N +1) coe cients. The same notation for the approximations and the solutions is used in this paper.
These approximations do not (in general) satisfy the Navier{Stokes equations. As a result, only certain projections of the Navier{Stokes equations are required to be zero. De ne the inner products, (2.14)
Equations (2.12){(2.14) are referred to as F(u; ) = 0 in the rest of this paper. The solution, u, is the set of coe cients that determinẽ U and P. The parameter, , is typically ; Re; or z . Since the vortical ows have a phase freedom in z, the following phase constraint is imposed on the solutions: z (u) =< C 001 ; U(x; y; z) >= 0:
(2:15)
On the plane Poiseuille branch of solutions, the phase constraint is trivially satis ed, and the wave speed, c z , is unde ned. When the phase constraint is imposed (on the vortical ow), it is adjoined to F(u; ) and c z is solved for, in addition to the coe cients u.
Path Following
Continuation methods are used to approximate the solution path: ? = f(u; ) : F(u; ) = 0g:
Distinct methods are employed to follow regular paths and to switch paths of solutions. In the case of regular path segments, the following algorithm is used:
Step 1. Start with an initial solution, (u 0 ; 0 ). Construct the Jacobian, Step 3. Compute the special Newton iterates (indexed by = 1; 2; :::), Step 4. Set u i = u N+1 i : If the parameter i is still in the desired range and the number of iterations is small (e.g., N < 30), return to
Step 2.
This algorithm may fail for several di erent reasons. One is that the step is too large. In this case, decrease the step size. Another reason the algorithm may fail is that the iterates in Step 3 converge too slowly. In this case recompute the Jacobian. Lastly, in the case that the solution path has trespassed a bifurcation point, switch paths as described later in this section, or predict a solution on the opposite side of the bifurcation point and continue with Step 3 of the algorithm above.
To switch from plane Poiseuille ow to the vortical ow solution, use the following algorithm:
Step 1. Accurately nd the parameter value at which F u = @F(u( ); ) @u is singular.
Step 2. Find the right null vector, , of F u satisfying z ( ) = 0.
Step 3. Construct the initial guess for a solution on the new branch, u o i = u( ) + :
Step 4 The parameters c z and have been freed as variables.
The path of vortical ow is regular if the phase constraint is adjoined to F(u; ) and c z is solved for (in addition to u). As a result, the algorithm for a regular path can be used, but the augmented system of equations, The above system is obtained from Eqs. (1.1){(1.7) by lettingŨ =Ũ 0 ( ) + ( )e t , P = P 0 ( ) + ( )e t ; and ignoring terms of order ( 2 ).Ũ 0 is a solution of Eqs. (1.1){(1.7) with @Ũ0 @t = 0: As the solutionŨ 0 varies with the parameter , the eigenvalues of the above equations, , vary. This variation leads to paths of eigenvalues, ( ); which are functions not only of but also the particular path of solutionsŨ 0 ( ). If Real( ( ))< 0 for all the eigenvalues, then the solution is stable on that path segment. In this paper,~ is approximated in the same way asŨ 0 with the same periodicities and resolution.
Results
For a xed Reynolds number, the critical tumbling rate (i.e., the value of at which vortical ow bifurcates from plane Poiseuille ow) varies with z (see Fig.  3 ). The critical is minimized when z is near 4. For a xed wave number, the relation between Reynolds number and critical is shown in Fig. 4 .
The branch of vortical ow intersects the branch of plane Poiseuille ow at Re = 140; c = 32:05; z = 4:0 and again at the larger tumbling rate, c = 56:95, as can be seen in Fig. 2 . The velocity of the vortical ow in the plane perpendicular to the direction of forcing is shown in Fig. 7 .
Linear stability analysis yields the paths of eigenvalues seen in Fig. 5 . The three branches of eigenvalues associated with the linear stability of plane Poiseuille ow in Fig. 5 are double eigenvalues. As can be seen from the gure, plane Poiseuille ow is unstable when the tumbling rate is in the range between the two bifurcation points. In contrast, the vortical ow is stable along its full path. (The zero eigenvalue is due to the phase freedom of the solution in the z direction.) 6 Discussion While Eqs. (1.1){(1.7) (with F y = 8; = 0) are known to have traveling wave solutions for large Reynolds numbers (see Drazin & Reid, 1981] ), these ows vary with x and y. In contrast, the vortical ow (stationary waves) calculated here vary with x and z. The vortical ow is stable (at this Reynolds number and wave number) for all values of for which it exists. In contrast, plane Poiseuille ow is stable for values of for which the vortical ow does not exist. At larger Reynolds numbers, this picture may be more complicated as a result of the existence of other bifurcating branches of solutions.
A similar phenomenon occurs in Couette ow, as can be seen in Fig. 6 ; a solution bifurcates from Couette ow and rejoins at larger tumbling rates. These results are obtained by the methods described in Conley & Keller, 1995] . In Couette ow it is easy to compute successive bifurcations (at larger Reynolds numbers) to three-dimensional ows which exist with nontumbling plates (see Conley & Keller, 1995] 
